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We consider a heterostructure of semiconductor layers sandwiched between two superconductors,
forming a two-dimensional Josephson junction. Applying a Zeeman field perpendicular to the junc-
tion can render a topological superconducting phase with chiral Majorana edge mode. We show
that the phase difference between two superconductors can efficiently reduce the magnetic field
required to achieve the chiral topological superconductivity, providing an experimentally feasible
setup to realize chiral Majorana edge modes. We also construct a lattice Hamiltonian of the setup
to demonstrate the chiral Majorana edge mode and the Majorana bound state localized in vortices.
Introduction.—Since the discovery of topological insu-
lators, intensive theoretical and experimental studies on
various kinds of symmetry protected topological order
have arised [1, 2], among which the pursuit of Majo-
rana fermions and Majorana zero modes is one of the
most interesting and important issues. Owing to its non-
Ablian statistics, the Majorana zero mode is of great po-
tential to implement topological qubits in fault-tolerant
topological quantum computations [3–7]. The Majorana
zero mode can be realized in 5/2 fractional quantum
Hall states [8, 9], vortices of spinless p+ ip superconduc-
tors [10] and superconductor-semiconductor heterostruc-
tures [11–14] in two dimensions, the edge of a ferromag-
netic atomic chain on a superconductor [15–17], and the
planar Josephson junction [18–20], etc. leading to ongo-
ing interest among both condensed-matter and quantum
computation communities.
On the other hand, one-dimensional chiral Majorana
fermion—the simplest solution satisfying the real version
of Dirac equation proposed originally by Ettore Majo-
rana in 1937 [21]—also attracts lots of attentions in re-
cent years. Realization of the chiral Majorana fermions in
real world is not only of great theoretical importance, but
more importantly also opens up a new avenue for topo-
logical quantum computation [22]. The chiral Majorana
fermion can be realized at the edge of two-dimensional
chiral topological superconductors in class D [2]. Chi-
ral topological superconductor is a real analog of inte-
ger quantum Hall insulator, where the number of chiral
Majorana edge modes reflects the BdG Chern number
of the occupied bands. A series of theoretical proposals
arises including the superconductor-semiconductor het-
erostructure [12], and superconductor-quantum anoma-
lous Hall insulator heterostructure [23], and so on. Al-
though experimental works try to realize the later pro-
posal [24], debates about whether true chiral Majorana
edge modes are observed remain [25–28].
Here, we propose a different strategy to realize chi-
ral Majorana edge mode by taking the advantage of
the phase difference in Josephson junction. As shown
in Fig. 1(a), we consider a few layers of semiconduc-
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FIG. 1. (a) A few layers of semiconductor thin film is sand-
wiched between two superconductors (S). The heterostructure
form a Josephson junction. The order parameters of two su-
perconductors are given by ∆e±iχ/2. A out-of-plane magnetic
field is also applied to tune the topological superconductivity.
(b) The proximitized SC state forms a domain wall in the
semiconductor layers. The width of the domain wall and of
the semiconductor layers are denoted by L and W , respec-
tively.
tor sandwiched between two superconductors, forming
a two-dimensional Josephson junction with a supercon-
ducting phase difference χ. In the presence of a Zeeman
field perpendicular to the junction, the phase difference
χ provides a useful knob to tune the topological transi-
tion from a trivial superconductor to a chiral topological
superconductor with a Majorana edge mode. The advan-
tage of this setup is that (a) the critical Zeeman field to
achieve the topological transition is efficiently reduced by
the phase difference χ without destroying the supercon-
ducting order and (b) the transition can be realized with-
out carefully gating the system. The continuous topolog-
ical transition is described by two-dimensional Majorana
cone at Γ point, the center point of Brillouin zone. We
also construct a lattice model to show the chiral Majo-
rana edge mode and Majorana zero bound states within
the vortices—the two essential signatures of chiral topo-
logical superconductors.
Josephson junction and phase diagram.—We consider
a two-dimensional Josephson junction shown in Fig. 1(a),
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2where layers of semiconductor are sandwiched between
two superconductors with a superconducting phase dif-
ference χ. Due to the proximity effect, the two super-
conducting orders will penetrate into the semiconductor
layers and form a domain wall in the semiconductor lay-
ers. As shown in Fig. 1(b), the width of the domain wall
and the semiconductor layers are L and W , respectively.
The superconducting order in the semiconductor layers
is given by
∆(z) = ∆e−iχ/2Θ(z + L/2) + ∆eiχ/2Θ(z − L/2), (1)
where ∆ (χ) is the magnitude (phase difference) of the
superconductivity, and Θ is the step function. z denotes
the direction perpendicular to the junction. We assume
that inside the domain wall |z| ≤ L/2 the superconduct-
ing order is zero. Because the proximity length of super-
conductivity is quite large, and the proximitized super-
conducting order in semiconductors opens up an energy
gap, the amplitude of wavefunctions inside the semicon-
ductor will concentrate near the domain wall, one can
focus on the superconducting-normal state interface at
±L/2 and take W/L→∞.
The BdG Hamiltonian of the semiconductor layers is
H = Ψ†HBdGΨ, where Ψ = (ψ↑, ψ↓, ψ
†
↓,−ψ†↑), and
HBdG(k, z) =
(
k2−∂2z
2m − µ
)
τz +HSOC(k)τ
z (2)
+ (∆(z)τ+ +H.c.) + EZσ
z, (3)
where k = (kx, ky) denotes the momenta in the junction
plane, τ (σ) is the Pauli matrix acting on the Nambu
(spin) space and τ± ≡ 12 (τx ± iτy). EZ denotes the Zee-
man energy induced by the Zeeman field perpendicular
to the junction (along z direction). HSOC is the Dressel-
haus spin-orbit coupling which will be discussed later.
The phase transition between trivial and topological
superconductors is characterized by a gap closing at
k = 0 and consequently a change of BdG Chern num-
ber. As a result, we calculate the junction spectrum
in the k = 0 subspace by the scattering theory [29].
As the spin is conserved during the scattering, we can
focus on σz = 1 subspace.The transmission amplitude
of the Josephson junction is T = diag(eik
eL, e−ik
hL),
where ke/h =
√
2m(µ± (− EZ)) is the wave-vector of
the normal state wavefunction. By matching the wave-
function at the superconducting-normal state interface at
z = ±L/2 [30], the scattering matrix is obtained to be
S±L/2 = e±iχ/4τ
z
Se∓iχ/4τ
z
, where
S = e−iφS
(
reiφN
√
1− r2√
1− r2 −re−iφN
)
, (4)
where r is the normal reflection amplitude, and φS,N
are two phases given in the Supplemental Materials [30].
Using the scattering and transmission matrix, the spec-
trum of the bound state is determined by [29] det(1 −
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FIG. 2. The phase diagram of Josephson junction as a func-
tion of the junction phase difference and the Zeeman energy.
C denotes the BdG Chern number, where C = 0 (C = 1)
implies trivial (topological) superconductivity. The dashed
(solid) line is the phase boundary without (with) normal re-
flection.
S−L/2TS+L/2T ) = 0, i.e.,
cos[(ke − kh)L− 2φS ]
= (1− r2) cosχ+ r2 cos[(ke + kh)L+ 2φN ].(5)
Assuming weak superconducting pairing EZ . ∆ µ,
the zero mode is given by
arccos
EZ
∆
=
χ˜
2
+
pi
2
EZ
ET
+ npi, (6)
where n ∈ Z, χ˜ is a function of χ,
χ˜(χ) = arccos
[
(1− r2) cosχ+ r2 cos 2kFL
]
, (7)
and ET ≡ (pi/2)vF /L is the Thouless energy of the junc-
tion. Here kF =
√
2mµ and vF =
√
2µ/m. Note the
domain wall width is in the order of the lattice constant,
thus, the Thouless energy is in the order of the chemical
potential, ET ∼ µ, which is the largest energy scale in
the question.
In the weak superconducting pairing limit, ∆  µ,
the normal reflection and the effect from Thouless en-
ergy may be neglected. Then phase diagram is simply
given by EZ∆ = | cos χ2 |, as shown by the dashed line in
Fig. 2. It is interesting to note that at χ = pi, the critical
Zeeman field is reduced to zero, namely, an infinitesimal
Zeeman field can turn the system into the chiral topolog-
ical superconducting phase. Including corrections from
the normal reflection to the lowest nontrivial order of
∆/µ, r = ∆/(2µ) +O(∆2/µ2), the phase diagram is cor-
rected to the solid line in Fig. 2. Especially at χ = pi, the
correction is given by χ˜(χ = pi) = pi−∆/µ cos kFL. The
critical Zeeman energy at χ = pi is modified to be ∆2/µ,
which is still small at weak pairing limit, making an ex-
perimentally achievable way to realize chiral topological
superconductivity.
Topological phase transition.—In the following, we will
show that the topological phase transition is described by
a two-dimensional Majorana cone—a real version of the
3Dirac fermion. It is well known that spin-orbit coupling
is crucial in the realization of topological phases. Direct
semiconductors with an inversion-asymmetric zinc blende
structure (point group Td), such as GaAs, InSb, CdTe
etc, have considerable size of spin-orbit coupling and are
common in making quantum structures [31]. Moreover,
many of these materials have a similar band structure
with the smallest gap at Γ point. To give a concrete ex-
ample of spin-orbit couplings, we consider a heterostruc-
ture consisting of a few layers of such semiconductors
grown in (001) direction. Because of the phase difference
in the Josephson junction, the heterostructure breaks in-
version symmetry. However, such a structure inversion
asymmetry cannot induce Rashba spin-orbit coupling,
since the system respects the composite S4 and time
reversal symmetry. As a result, the symmetry allowed
spin-orbit coupling is the Dresselhouse term [31, 32],
HSOC(k) = α(kxσ
x − kyσy), where α is the strength
of spin-orbit coupling.
To simplify the question, we set the width of domain
wall L to be zero. At the k = 0 subspace of the nor-
mal semiconductor without the proximitized supercon-
ducting order and the external magnetic field, a continu-
ous kinetic term of the one Kramers pair near the Fermi
points, ψ1,↑ and ψ2,↓, is described by one-dimensional
Dirac Hamiltonian −ivF∂zσz. Adding the proximitized
SC order and the Zeeman field, the BdG Hamiltonian
in Nambu basis Ψ = (ψ1,↑, ψ2,↓, ψ
†
1,↑, ψ
†
2,↓)
T is given by
(note the basis difference in Eq. (3)), HBdG(k, z) =
H0(z) +H1(k), where
H0(z) = −ivF∂zσz −∆′σyτy −∆′′(z)σyτx + EZσzτz,
(8)
H1(k) =
k2x + k
2
y
2m
+ α(kxσ
x − kyσyτz), (9)
and ∆′ = ∆ cos(χ/2) and ∆′′(z) = ∆ sin(χ/2)Θ(z) refer
to the real and imaginary part of the superconducting
order, respectively. We have separated the Hamiltonian
into an unperturbed part H0 and a perturbation H1, re-
spectively.
In Eq. (8), because of the domain wall formed in
∆′′(z) [33], we get two bound states with eigen-energy
E± = ±(EZ − ∆ cosχ/2) that are related by particle-
hole transformation,
ψ+(z) = f(z)(1, 0, 0,−1)T , ψ−(z) = f(z)(0, 1,−1, 0)T ,
(10)
where f(z) = (N )−1/2 exp[− ∫ z
0
dz′∆
′′(z′)
vF
], and N is the
normalization factor.
Now we consider the perturbation Eq. (9) to the bound
state ψ±. Using first-order perturbation theory, it is
straightforward to get the effective Hamiltonian in the
bound states subspace (ψ+, ψ−)T ,
Heff =
(
δm −α(kx + iky)
−α(kx − iky) −δm
)
, (11)
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FIG. 3. (a) The phase diagram as a function of (χ,Ez/∆).
C = 0 (C = 1) is the Chern number indicating the normal
SC (the chiral TSC). The solid line is the phase boundary
calculated by lattice Hamiltonian. The parameters are given
by W = 25, L = 2, t = t′ = 1, µ = −3.2, α = 0.6, and ∆ =
0.5. The dashed line is determined by Eq. (6) and the dotted
line indicates gapless points. The spectra of the Josephson
junction at the three red points are shown in (b-d).
where the mass is δm = EZ−∆ cosχ/2. At critical point
δm = 0, the Hamiltonian describes a massless Majorana
cone, corresponding to the phase transition from a trivial
to a topological superconductor.
Similar analysis can be applied to the other Kramers
pair ψ1,↓ and ψ2,↑, which shows that the critical point oc-
curs at EZ/∆ = − cosχ/2. Combined with above results,
the phase boundary is EZ/∆ = | cosχ/2|, (we assume
EZ > 0), consistent with the results from the scattering
theory.
Topological gap.—The spectrum at k = 0 is given by
 = ±(∆ cosχ/2 ± EZ), thus away from the transition
point, the gap is in the order of ∆. Here, we analyze the
topological gap at generic k, especially, at k  EZ/α,
k =
√
k2x + k
2
y. Using the scattering theory [30], the
spectrum at k  EZ/α is determined by
arccos

∆
=
(keσ − khσ)L
2
± χ
2
, (12)
where k
e/h
σ =
√
2m(µ− Ekσ ± ), Ekσ = k2/2m − σαk,
with σ = ±1. In the weak superconducting pairing limit,
∆ µ, the spectrum is

∆
= cos
[χ
2
± kFL
2
√
1− Ekσ/µ
∆
µ
× 
∆
]
. (13)
We can see that the dependence on k is suppressed by
∆/µ for EZ/α  k  kF . As k increases such that
4Ekσ ∼ µ, the prefactor of ∆/µ diverges. Nevertheless,
notice that the bound state exists only if k
e/h
σ is a real
number, i.e., Ekσ ≤ µ − . So when Ekσ = µ − , the
spectrum changes to

∆
= cos
[χ
2
± kFL
2
√
∆
µ
×
√

∆
]
. (14)
Combining the results of Eqs. (13) and (14), we conclude
that the topological gap is  ∼ ∆ cos χ2 up to a small
correction of ∆/µ. Notice that at χ = pi, the system
has a small gap, so the better place to get the chiral
topological superconductor is in between χ = 0 and pi,
where the Zeeman field is small while the gap is sizable.
Tight binding model.—To demonstrate the topological
phase, we construct a tight binding Hamiltonian to model
the setup in Fig. 1. The lattice model is given by H =
H0 +HSOC +HZ +HSC , where
H0 = −t
W∑
jz=1
∑
i;µˆ=xˆ,yˆ
(c†i,jzci+µˆ,jz +H.c.)
−t′
W−1∑
jz=1
∑
i
(c†i,jzci,jz+1 +H.c.)− µ
W∑
jz=1
∑
i
c†i,jzci,jz ,
(15)
HSOC = iα
W∑
jz=1
∑
i;µˆ=xˆ,yˆ
[(c†i,jzσ
xci+xˆ,jz − c†i,jzσyci+yˆ,jz )
−H.c.], (16)
HZ = EZ
W∑
jz=1
∑
i
c†i,jzσ
zci,jz , (17)
HSC =
∑
i
[ [W/2]−[L/2]∑
jz=1
∆e−iχ/2ci,jz (iσ
y)ci,jz (18)
+
W∑
jz=W+1−[W/2]−[L/2]
∆eiχ/2ci,jz (iσ
y)ci,jz
]
+H.c.. (19)
Here, i denotes sites in square lattice in the xy plane,
while jz is the layer index along the z direction. The
number of semiconductor layer is W . t (t′) is the in-
plane (z-direction) nearest neighbor hopping amplitude.
µ is the chemical potential, α is the strength of in-plane
spin-orbit coupling, and ∆ (χ) is the amplitude (phase
difference) of the proximatized superconducting orders.
The phase diagram of the lattice model is shown in
Fig. 3(a). The solid line in Fig. 3(a) is the phase bound-
ary calculated by the lattice model, while the dashed line
is determined by Eq. (6). One can see that they match
each other well. The spectrum of the junction at differ-
ent phases indicated by the red points in Fig. 3(a) are
also plotted in Figs. 3(b-d), where one can see that by
tuning the phase difference and/or Zeeman field, the en-
ergy gap will close at phase boundary and reopen in the
topological superconducting phase.
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FIG. 4. (a,b) The spectrum of the system in kx direction
(open boundary condition in y direction) in the topological su-
perconducting phase and the trivial phase, respectively. The
parameters are given by W = 5, L = 2, t = t′ = 1, µ = −3.2,
α = 1, ∆ = 1, φ = 0.6pi. (c) The spectrum of the system
with two vortices. The disk (square) points correspond to
the topological (trivial) phase. The parameters are given by
W = 6, L = 2, t = t′ = 1, µ = −3.2, α = 1, ∆ = 1, φ = 0.6pi.
(d) The local density of the ground state wavefunction in
the topological phase. Two Majorana zero modes appear in
the vortices. The topological (trivial) phase corresponds to
Ez = 0.8∆ (Ez = 0.1∆).
To explore the chiral edge state of topological super-
conducting phase, we use open boundary condition in the
y direction, and plot the energy spectrum as a function
of kx as shown in Figs. 4(a) and 4(b) for the topological
phase and the trivial phase, respectively. The two chi-
ral Majorana states along +y and −y edges are clearly
shown in Fig. 4(a) in the topological superconducting
phase. Moreover, when vortices are created via external
magnetic field, the chiral topological superconductor is
expected to host Majorana zero mode localized in the
vortex core. In Fig. 4(c), we observe the Majorana zero
mode in the topological phase with two vortices, while
in trivial phase there is no Majorana zero mode. The
local density of ground state wavefunction in the topo-
logical phase is plotted in Fig. 4(d), corresponding to the
localized Majorana zero mode at the vortex core.
Conclusions.—In this paper, we show that a two-
dimensional Josephson junction of the superconductor-
semiconductor-superconductor sandwich heterostructure
can provide a useful setup to realize the chiral topologi-
cal superconductor with chiral Majorana edge mode. The
topological superconducting phase appears in a large por-
tion of the phase diagram spanned by Zeeman field and
the superconducting phase difference of the Josephson
junction. Compared to the previous setup [12], the Zee-
man field is reduced within the critical strength and gat-
5ing is not longer necessary. These advantages facilitate
possible experimental reaches.
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6SUPPLEMENTAL MATERIAL
A. Spectrum in Josephson junction
Due to the proximity effect, the superconducting (SC) order will penetrate into semiconductor layers. Because
the two superconductors have different SC order (most importantly, the different SC phase), there is a domain wall
in the semiconductor layers. Assuming the size of the domain wall is L as shown in Fig. 1(b), the SC order in the
semiconductor layers is given by
∆(z) = ∆e−iχ/2Θ(−z + L/2) + ∆eiχ/2Θ(z − L/2), (S1)
where ∆ is the magnitude of superconductivity, and χ denotes the phase difference between two superconductors. Θ
is the step function. Note the difference between the width of semiconductor layers denoted by W , and the width
of domain wall denoted by L, as shown in Fig. S1. Because the proximity length of SC order is quite large, and the
proximitized SC order in semiconductors opens up a finite energy gap, the amplitude of wavefunctions will concentrate
near the domain wall. As a result, one focus on the interface at ±L/2 and take W/L→∞.
The BdG Hamiltonian in the semiconductor layers is H = Ψ†HBdGΨ, where Ψ = (ψ↑, ψ↓, ψ†↓,−ψ†↑), and
HBdG(kx, ky, z) =
(k2x + k2y − ∂2z
2m
− µ
)
τz +HSOC(kx, ky)τ
z + (∆(z)τ+ +H.c.) + EZσ
z, (S2)
where τ (σ) is the Pauli matrix acting on the Nambu (spin) space and τ± = 12 (τ
x ± iτy). EZ denotes the Zeeman
energy. Note that the Zeeman field is along z direction. HSOC is the Dresselhaus spin-orbit coupling which will be
discussed in the next Sector.
Owing to the translational symmetry in xy-plane, kx and ky are good quantum numbers. Let’s first focus on
kx = ky = 0 subspace in this Sector to determine the phase diagram, and then in later Sector on generic kx, ky to
explore the topological gap. The Hamiltonian in the kx = ky = 0 subspace reduces to
HBdG(0, 0, z) =
(
− ∂
2
z
2m
− µ
)
τz + (∆(z)τ+ +H.c.) + EZσ
z. (S3)
For the normal state, i.e., |z| < L/2, the eigenstates with eigen-energy  are
ψ±eσ(z) =
1√
keσ
(
1
0
)
⊗ |σ〉e±ikeσz, ψ±hσ(z) =
1√
khσ
(
0
1
)
⊗ |σ〉e±ikhσz, (S4)
where σ = ±1, | + 1〉 = (1, 0)T and | − 1〉 = (0, 1)T . The wavevector is ke/hσ =
√
2m(µ± (− σEZ)). For the
proximitized SC state at |z| > L/2, the eigenstates with eigen-energy  is give by
φ±eσ(z) =
1√
2qeσ[(− σEZ)2/∆2 − 1]1/4
(
eiη
e
σ/2
e−iη
e
σ/2
)
⊗ |σ〉e±iqeσz, (S5)
and φ±hσ is given by replacing the index e to h in Eq. (S5). Here η
e/h
σ =
χ
2 ± ησ, and ησ = arccos −σEZ∆ . Notice that
for t > 1, arccos t = −i ln(t +√t2 − 1). The wavevector is qe/hσ = [2m(µ ±
√
(− σEZ)2 −∆2)]1/2, and Reqe/hσ > 0,
Imqeσ > 0, Imq
h
σ < 0. The wavefunctions are normalized to have same current.
We are ready to evaluate the scattering matrix. To simplify the problem, it is easy to observe that the spin is
conserved during the scattering. So let’s focus on σ = 1 and neglect the index σ. By matching the wavefunction
Eq. (S4) and Eq. (S5) at the superconducting-normal state interface at z = ±L/2, the scattering matrix is S±L/2 =
e±iχ/4τ
z
Se∓iχ/4τ
z
, where
S = e−iφS
(
reiφN
√
1− r2√
1− r2 −re−iφN
)
, (S6)
where r = rn/rd is normal reflection amplitude. rn and rd are positive numbers, and
rde
iφS = −e−iη(kh − qe)(ke − qh) + eiη(ke + qe)(kh + qh), (S7)
rne
iφN = −e−iη(kh − qe)(ke + qh) + eiη(ke − qe)(kh + qh). (S8)
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FIG. S1. Schematic plot of Josephson junction.
The transmission amplitude is simply
T =
(
eik
eL 0
0 e−ik
hL
)
. (S9)
Using the scattering and transmission matrix, the spectrum of the bound state is determined by [29] det(1 −
S−L/2TS+L/2T ) = 0, i.e.,
cos[(ke − kh)L− 2φS ] = (1− r2) cosχ+ r2 cos[(ke + kh)L+ 2φN ]. (S10)
To proceed, we assume weak pairing EZ . ∆  µ, then we have r = ∆/(2µ) + O(∆2/µ2), φS = η, and φN = 0.
The zero mode is given by
arccos
EZ
∆
=
χ˜
2
+
pi
2
EZ
ET
+ npi, (S11)
where χ˜ is a function of χ:
χ˜(χ) = arccos
([
1− ∆
2
(2µ)2
]
cosχ+
∆2
(2µ)2
cos 2kFL
)
, (S12)
and ET ≡ (pi/2)vF /L is the Thouless energy of the junction. Here kF =
√
2mµ and vF =
√
2µ/m. Note the domain
wall width is of order of lattice constant, as a result, the Thouless energy is of order of chemical potential, ET ∼ µ,
which is the largest energy scale in the question.
As we will show in the next Section, the appearance of zero mode implies a gap closing that separates trivial and
topological superconducting phases. At the zeroth order of ∆/µ, there is no normal reflection and χ˜ = χ, the phase
diagram is simply given by EZ∆ = | cos χ2 |, as shown by the dashed line in Fig. 2. It is interesting to see that at χ = pi,
an infinitesimal magnetic field can turn the system into a chiral topological superconducting phase.
Including correction from the normal reflection to the first order of ∆/µ, the relation between χ and χ˜ is given in
Eq. (S12) and the phase diagram is corrected to the solid line in Fig. 2. At χ = 0 and χ = pi, the correction is in the
linear order of ∆/µ, i.e., χ˜(χ = 0) = ∆/µ sin kFL, and χ˜(χ = pi) = pi − ∆/µ cos kFL, respectively. While at other
generic values of χ, the correction is in the quadratic order of ∆/µ, i.e., χ˜(χ) = χ+ (∆/µ)2(cosχ− cos 2kFL)/ sinχ.
It is useful to note that when the normal reflection is considered, the critical Zeeman energy at χ = pi is given by
∆2/µ, which is a still a small number at weak pairing.
B. Spin-orbit coupling and topological phase transition
It is well known that spin-orbit coupling is crucial in the realization of topological phases. Direct semiconductors
with an inversion-asymmetric zinc blende structure (point group Td), such as GaAs, InSb, CdTe etc, have considerable
size of spin-orbit coupling and are common in making quantum structures. Moreover, many of these materials have
a similar band structure with the smallest gap at Γ point. To give a concrete example of spin-orbit couplings, we
consider a heterostructure consisting of a few layers of such semiconductors grown in (001) direction. Because of the
phase difference in the Josephson junction, the heterostructure breaks inversion symmetry. However, such a structure
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FIG. S2. The dispersion of kx = ky = 0 subspace along kz direction. Because in kx = ky = 0 subspace the SOC vanishes, the
band is doubly degenerate. We denote left/right mover by ψ1/2, respectively.
inversion asymmetry cannot induce Rashba spin-orbit coupling, since the system is invariant under the composite S4
and time reversal operations. As a result, the symmetry allowed spin-orbit coupling is the Dresselhouse term [31, 32]
HSOC = α(kxσ
x − kyσy), (S13)
where α is the strength of spin-orbit coupling.
In the following, we will show that the gap closing in the pervious Section is described by two-dimensional Majorana
cone. To simplify the question, we set the width of domain wall L to be zero, and neglect the normal reflection. In
the kx = ky = 0 subspace of the semiconductor (without proximitized SC order), the dispersion along kz direction is
shown in Fig. S2. We make a continuous model near the Fermi point, i.e., ψ1,2, for right and left movers. Because the
proximitized SC order couples the Kramers pair, we first analyze the Kramers pair ψ1,↑ and ψ2,↓ with kinetic term
given by one-dimensional Dirac Hamiltonian H0 = −ivF∂zσz.
Owing to the proximitized SC order, the BdG Hamiltonian in Nambu space Ψ = (ψ1,↑,z, ψ2,↓,z, ψ
†
1,↑,z, ψ
†
2,↓,z)
T is
given by (note the basis difference in Eq. (S2)), HBdG(kx, ky, z) = H0(z) +H1(kx, ky), where
H0(z) = −ivF∂zσz −∆′(z)σyτy −∆′′(z)σyτx + EZσzτz, (S14)
H1(kx, ky) =
k2x + k
2
y
2m
+ α(kxσ
x − kyσyτz), (S15)
and ∆′(z) = ∆ cos(χ/2) and ∆′′(z) = ∆ sin(χ/2)Θ(z) refer to the real and imaginary part of SC order given in
Eq. (S1). Here, we have separated the Hamiltonian into two parts, H0 and H1, which will be treated as unperturbed
part and perturbation, respectively.
In H0, because of the domain wall formed in ∆
′′(z), similar to domain wall in one-dimensional Dirac Hamilto-
nian [33], we get two related bound states that are related by particle-hole transformation,
ψ+(z) = f(z)(1, 0, 0,−1)T , ψ−(z) = f(z)(0, 1,−1, 0)T , (S16)
where f(z) = (N )−1/2 exp[− ∫ z
0
dz′∆
′′(z′)
vF
], and N is the normalization factor. The eigen-energies of these bound
states are E± = ±(EZ −∆ cosχ/2), and the zero-mode appears at EZ/∆ = cosχ/2.
Now we consider the perturbation H1 to the bound state ψ±. Using first-order perturbation theory, it is straight-
forward to get the effective Hamiltonian in the bound states subspace (ψ+, ψ−)T ,
Heff =
(
δm −α(kx + iky)
−α(kx − iky) −δm
)
, (S17)
where the mass is δm = EZ − ∆ cosχ/2. At critical point δm = 0, the Hamiltonian describes a Majorana cone,
indicating a topological transition. Namely, the gap closing realizes a transition from a trivial to a topological
superconductor.
Similar analysis can be applied to the other Kramers pair ψ1,↓ and ψ2,↑ in Fig. S2, and the transition appears
at EZ/∆ = − cosχ/2. Combined with above results, the phase boundary is EZ/∆ = | cosχ/2|, consistent with the
results from the previous Section.
C. Topological gap
In previous sections, we have analyzed the spectrum at kx = ky = 0. Away from the transition point, the gap
at kx = ky = 0 is in the order of ∆. Here, we analyze the topological gap at generic kx, ky, especially, when
9kx, ky  EZ/α. Since we are interested in αk  EZ , k =
√
k2x + k
2
y, we neglect the Zeeman energy, and the
Hamiltonian is
HBdG(EZ = 0) =
(k2x + k2y − ∂2z
2m
− µ+HSOC(kx, ky)
)
τz + (∆(z)τ+ +H.c.). (S18)
where the proximitized SC order is again given by Eq. (S1). In the following, we will use the same notation in Section
A. For the normal state in |z| < L/2, the eigenstates with eigen-energy  are given by
ψ±eσ(z) =
1√
keσ
(
1
0
)
⊗ |σ〉e±ikeσz, ψ±hσ(z) =
1√
khσ
(
0
1
)
⊗ |σ〉e±ikhσz, (S19)
where σ = ±1, | + 1〉 = 1/√2(eiφk/2, e−iφk/2)T and | − 1〉 = 1/√2(eiφk/2,−e−iφk/2)T , φk = arctan ky/kx. The
wavevector is k
e/h
σ =
√
2m(µ− Ekσ ± ), where Ekσ = k2/2m − σαk. For the proximitized SC state in |z| < −L/2,
the eigenstates with eigen-energy  is give by
φ±eσ(z) =
1√
2qeσ[
2/∆2 − 1]1/4
(
eiη
e/2
e−iη
e/2
)
⊗ |σ〉e±iqeσz, (S20)
and φ±hσ is given by replacing the index e to h in Eq. (S20). Here η
e/h = χ2 ± η, and η = arccos ∆ . The wavevector is
q
e/h
σ = [2m(µ− Ekσ ±
√
2 −∆2)]1/2, and Reqe/hσ > 0, Imqeσ > 0, Imqhσ < 0.
It is easy to observe that the spin is conserved during the scattering. By matching the wavefunction Eq. (S19) and
Eq. (S20) at the superconducting-normal state interface z = ±L/2, we can obtain the scattering matrix, and then get
the bound state spectrum. The spectrum is determined by
arccos

∆
=
(keσ − khσ)L
2
± χ
2
, (S21)
here we have neglected the normal reflection which is a small correction in the weak pairing. To proceed, we again
assume the weak pairing ∆ µ, and get

∆
= cos
[χ
2
± kFL
2
√
1− Ekσ/µ
∆
µ
× 
∆
]
. (S22)
The dependence on k is suppressed by ∆/µ. Thus, to the lowest order, the gap is given by  = ∆ cosχ/2.
However, as k increases such that Ekσ ∼ µ, above approximation may break down. Nevertheless, notice that the
bound state exists when k
e/h
σ is a real number, i.e., Ekσ ≤ µ− . At Ekσ = µ− , we have

∆
= cos
[χ
2
± kFL
2
√
∆
µ
×
√

∆
]
, (S23)
where the suppression is sublinear in ∆/µ. At generic momentum, the topological gap is  = ∆ cos χ2 up to a small
correction of ∆/µ.
